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Abstract
We study the radiative processes that affect the propagation of a high energy gluon in a dense
medium, such as a quark-gluon plasma. In particular, we investigate the role of the large
double logarithms corrections, ∼ αs ln2 L/τ0, that were recently identified in the study of p⊥-
broadening by Liou, Mueller and Wu. We show that these large corrections can be reabsorbed
in a renormalization of the jet quenching parameter controlling both momentum broadening
and energy loss. We argue that the probabilistic description of these phenomena remains
valid, in spite of the large non-locality in time of the radiative corrections. The renormalized
jet-quenching parameter is enhanced compared to its standard perturbative estimate. As a
particular consequence, the radiative energy loss scales with medium size L as L2+γ , with
γ = 2
√
αsNc/pi, as compared to the standard scaling in L
2.
Keywords: Perturbative QCD, Jet physics, Jet quenching
PACS numbers: 12.38.-t,24.85.+p,25.75.-q
1. Introduction
A high energy parton propagating through a dense medium, cold nuclear matter, or a high
temperature quark-gluon plasma, undergoes multiple interactions with the constituents of the
medium. Among those are the elastic scatterings, leading to the broadening of the transverse
momentum of the parton with respect to the direction of its initial momentum. In addition,
the energetic parton may experience medium-induced soft gluon radiations that degrade its
energy. These two important processes, momentum broadening and energy loss, are governed
by a transport coefficient, called the jet quenching parameter, and denoted traditionally by qˆ
[1]. The jet-quenching parameter also controls the splitting of gluons along the in-medium QCD
cascade [2]. It has become a central concept in the analysis of jet observables in Heavy-Ion
Collisions [3, 4].
The description of these phenomena in the framework of perturbative QCD is well un-
derstood from the BDMPS-Z theory [1, 5, 6, 7]. Let us recall that, at leading order, the
medium-induced gluon radiation spectrum reads (for gluon frequencies ω . ωc ≡ qˆL2),
ω
dN
dω
' αsCR
pi
√
qˆ
ω
L , (1)
where CR is the color charge of the emitter, CA = Nc for a gluon and CF = (N
2
c − 1)/2Nc
for a quark, respectively, and L is the typical distance travelled in the medium by the high
energy parton. The jet-quenching parameter measures the amount of transverse momentum
squared that is acquired by the parton per unit length traversed in the medium. That the
spectrum (1) depends on the same jet-quenching parameter reflects the basic process at work
in medium-induced radiation: the matching between the formation time of a gluon τf ∼ ω/k2⊥,
and the transverse momentum acquired during τf , k
2
⊥ ∼ qˆ τf , which determines the typical
branching time as τf ∼ τbr ≡
√
ω/qˆ, and the spectrum above, ωdN/dω ∝ L/τbr. It follows
from this spectrum that the mean energy lost through radiation by a particle going through a
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medium is given (parametrically) by 〈ω〉 ' αsCR qˆ L2. Note that this average is dominated by
hard but rare emissions, with frequencies near the cut-off, ω ∼ ωc.
The jet-quenching parameter qˆ introduced above is usually interpreted as a transport co-
efficient. As such, it depends in a complicated way on the properties of the medium, and may
receive genuine non-perturbative contributions [8, 9]. However, the entire description of the
propagation of a fast parton in a dense medium may also be affected by another type of con-
tributions, namely radiative corrections. Such corrections to the typical transverse momentum
broadening 〈k2⊥〉typ, were only recently considered by Liou, Mueller and Wu [10, 11] who have
identified potentially large double logarithmic contributions ∼ αs ln2 L/τ0, with typically L the
length of the medium and τ0 ∼ 1/T (in a quark-gluon plasma with temperature T )1. It is an
interesting question to study whether these corrections possess some universal character, that
is, whether they imply a modification of the jet quenching parameter that controls the momen-
tum broadening, and whether that modification is the same independently of the process where
qˆ enters, in particular, whether the same correction to qˆ modifies the radiation spectrum.
This paper builds up on our previous paper [2], where the double logarithmic correction
emerged as a correction to the transport equation describing parton propagation, and hence
naturally appeared as a correction to the jet quenching parameter. However, the approach
followed in Ref. [2] leaves unanswered the question alluded to above regarding the universality
of the correction to qˆ. To answer this question is the main motivation for this paper. To that
aim, we shall explicitly calculate the dominant radiative correction to the emission kernel that
controls gluon splitting, and hence other phenomena such as the energy loss, or more generally
the in-medium gluon cascade. We shall show here that the double logarithmic correction renor-
malizes in the same way the jet-quenching parameters that control the momentum broadening
and the radiation spectrum. A similar result hods in more general cases, in particular for the
QCD cascade, at least in the limit of large Nc.
The outline of this paper is as follows. In Sect. 2, we put in place elements of the formalism
that we use, by reviewing various aspects of the calculation of the p⊥-broadening. In Section
3, we consider the first radiative correction to the broadening probability that is enhanced
by a double logarithm. We argue that the logarithmic nature of the phase-space allows for
a simple exponentiation of the single radiative correction, in spite of its non locality in time.
This enables us to interpret the double logarithmic correction as a renormalization of the jet-
quenching parameter. Then, in Section 4, we show that the same correction to qˆ applies to the
medium-induced gluon spectrum, confirming the universality of the renormalization. We show
that, in the limit of large Nc, this result extends to the splitting kernel, the building block of the
in-medium QCD cascade. Finally, we discuss the evolution of qˆ that results form a resummation
of the leading radiative corrections2, and we briefly comment on possible implication for the
phenomenology of the jet-quenching. Throughout this paper, we restrict our discussion to
gluon jets. The generalization to quark jets is straightforward.
2. p⊥-broadening in the approximation of independent multiple scatterings
In this section, we put in place various elements of the formalism that we shall use through-
out this paper. We do so by reviewing the calculation of the p⊥-broadening probability dis-
tribution in the approximation of independent multiple scatterings [14, 15, 16]. We consider
a high energy gluon moving in the +z direction, and model the medium in which it propa-
gates as a fluctuating random field A−(x+,x) that depends only on the light-cone time x+
and the transverse coordinates x.3 We treat the interaction with the medium in the eikonal
1Radiative corrections to p⊥-broadening are being also investigated in the higher twist formalism [12].
2A possible evolution of the jet-quenching parameter was first discussed in [13].
3We use light-cone coordinates x± = (t± z)/√2
2
approximation. In particular, the polarization of gluons is unchanged during their propagation
through the medium. Furthermore, the field being independent of x−, the + component of the
momentum is also conserved. Both the + momentum and the polarization will be omitted to
alleviate the notation
The amplitude for a gluon of (large) momentum p0 ≡ (p+0 ,p0 = 0), present in the system
at time t0, to evolve in the medium into a gluon with momentum p1 = (p
+
1 ,p1), where p
+
0 =
p+1 ≡ E, is given by (to within an irrelevant phase factor)
M(p1|p0) = (p1| G(t1, t0) |p0) . (2)
The amplitude M ≡ Mab is a matrix in color space, propagating a gluon with color b to
color a. We denote the light–cone time x+ simply as t, to simplify the notation. (Note that
t1 − t0 =
√
2L, where L is the longitudinal length of the medium.)
The propagator G is that of a Schro¨dinger equation in two dimensions (the transverse plane)
for a non-relativistic particle of mass E moving in a time-dependent potential A−(t,x). That
is, it satisfies the equation[
i∂t + g(T ·A−) + ∇
2
⊥
2E
]
ac
(x| Gcb(t, t0) |x0) = iδabδ(t− t0)δ(x− x0) . (3)
where T ·A− ≡ T a ·A−a and T a are the generators of SU(3) in the adjoint representation. The
solution can be written as a path integral
(x1| G(t1, t0) |x0) = θ(t1 − t0)
∫
Dr exp
(
i
E
2
∫ t1
t0
dt r˙2
)
Ur(t1, t0) , (4)
with r(t1) = x1, r(t0) = x0, r˙ = ∂tr, and Ur is a Wilson-line in the adjoint representation
evaluated along the path r(t):
Ur(t1, t0) = T exp
[
ig
∫ t1
t0
dt A−(t, r(t)) · T
]
. (5)
An alternative way of writing Eq. (3) is as an integral equation:
G(t1, t0) = G0(t1, t0) +
∫ t1
t0
dtG0(t1, t) [igA−(t) · T ]G(t, t0) , (6)
where we use a matrix notation for G (in both color and coordinate spaces). The free propagator
G0 can be written as
(x1|G0(t1 − t0)|x0) = θ(t1 − t0)
(
E
2pii∆t
)
exp
[
i
E
2∆t
(x1 − x0)2
]
, (7)
with ∆t ≡ t1 − t0. Note that the typical value of ∆x⊥ = |x1 − x0| reached after a time ∆t is
∆x⊥ ∼
√
2∆t/E. Note also that, as ∆t/E → 0, (x1|G0(∆t)|x0) → δ(x1 − x0), and the full
propagator (4) reduces to
(x1|G(t1, t0)|x0) = θ(t1 − t0)δ(x1 − x0)Ux0(t1, t0), (8)
where Ux0(t1, t0) is a trivial Wilson line along the straight path x0 = cste.
In general, the propagator G is easier to evaluate in coordinate space, where it is given
explicitly, for instance, by the path integral (4). However the physical amplitude that we
are interested in has a natural expression in momentum space. Indeed, the quantity that we
wish to calculate is the probability that the initial gluon acquires a given transverse momentum
through its interaction with the medium. This is obtained by squaring the amplitude, averaging
3
over the initial color and polarization, summing over final polarization and color, and finally
averaging over the background field. In doing this calculation, it is convenient to keep the initial
momentum p0 in the amplitude distinct from that, p¯0, in the complex conjugate amplitude.
We get then
M(p1|p0)M∗(p1|p¯0) =
1
N2c − 1
〈
Tr(p1| G(t1, t0) |p0)(p¯0| G†(t0, t1) |p1)
〉
≡ (p1;p1|S(2)(t1, t0) |p0; p¯0) ,
= (2pi)2δ(p¯0 − p0)P(p1, t1|p0, t0) , (9)
where the trace is over color indices and in the last line we have factored out the momen-
tum conserving delta function that reflects translational invariance. The angular brackets
denote medium average, to be specified shortly. The quantity P(p1, t1|p0, t0) can be inter-
preted as the p⊥-broadening probability distribution. It is easily checked in particular that∫
p1
P(p1, t1|p0, t0) = 1. Here we introduce a shorthand notation for transverse momentum
integrations, to be used thoughout the paper:
∫
q ≡
∫
d2q/(2pi)2.
x0
t1
x¯1
x1
t0
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Figure 1: Diagrammatic representation of the 2-point function.
The quantity S(2) introduced in Eq. (9) will be referred to as a 2-point function [17]. Its
expression in coordinate space will be useful. This is given, quite generally (see Fig. 2 for an
illustration), by
(X1|S(2)(t1, t0)|X0) = 1
N2c − 1
〈Tr (x1|G(t1, t0)|x0) (x¯0|G†(t0, t1)|x¯1)〉 . (10)
where Xi = (xi; x¯i).
4 As mentioned earlier the medium is model by a random field A−. The
average over the field configurations is assumed to be gaussian with a correlator given by〈
A−a (x, t)A
−
b (y, t
′)
〉
= δab n δ(t− t′)γ(x− y) , (11)
where n is the density of color charges (which we assume to be independent of x+ = t for
simplicity) and
γ(x) = g2
∫
q
eiq·x
q4
. (12)
4Some explanation about the notation is needed here. We regard S(2)(t1, t0) as a matrix in transverse space,
with matrix elements in coordinate space given by (Y |S(2)(t1, t0)|X), where X = (x; x¯), Y = (y; y¯) and the
coordinates x, x¯,y, y¯ attached to G and G† as indicated in Eq. (10) (the time variables are not considered as
matrix indices, and S(2)(t1, t0) is proportional to θ(t1 − t0)). The same notation applies to the momentum
space representation, and we could for instance write the second line in Eq. (9) as (P1|S(2)(t1, t0)|P0), with
P0 = (p0; p¯0), P1 = (p1;p1), and the semi-colon separating the variables in the amplitude and the complex
conjugate amplitude.
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Figure 2: A contribution to the 2-point function after averaging over the medium configurations. The medium
averaging accounts for collisions with the medium constituents, and involves instantaneous interactions (vertical
dotted lines) or local self-energy insertions (the dotted loop). These two types of contributions will be often
referred to later, in a broader context, as real and virtual contributions, respectively.
With the 2-point correlator given by Eq. (11), and the path integral representation (4) of
the propagator, we can easily perform the gaussian average over the random field A−. One
may then obtain an explicit expression for S(2) in terms of a path integral. Alternatively, S(2)
may be written as the solution of the following integral equation, that is easily obtained from
Eq. (6):
S(2)(t1, t0) = S
(2)
0 (t1, t0)−
∫ t1
t0
dt3
∫ t3
t0
dt2 S
(2)
0 (t1, t3) Σ
(2)(t3, t2)S
(2)(t2, t0) . (13)
Here the quantity Σ(2) is the matrix, diagonal in coordinate space, defined by 5
(X|Σ(2)(t, t′)|Y ) ≡ δ(X − Y )δ(t− t′)Nc
2
nσ(x− x¯) , (14)
where δ(X − Y ) = δ(x− y)δ(x¯− y¯), and σ(x) is the so-called dipole-cross section
σ(x) = 2g2 [γ(0)− γ(x)] . (15)
In the high energy limit, the changes in the coordinates x, x¯ of the dipole from t0 to t1 can
be neglected (eikonal approximation). Taking the limit ∆t/E → 0 in Eq. (13), and recalling
Eq. (8), one gets (with v = x0 − x¯0, δ(X1 −X0) = δ(x1 − x0)δ(x¯1 − x¯0))
(X1|S(2)eik (t1, t0)|X0) = δ(X1 −X0)−
Nc
2
n
∫ t1
t0
dt σ(v) (X1|S(2)eik (t, t0)|X0), (16)
whose solution reads
(X1|S(2)eik (t1, t0)|X0) = δ(X1 −X0) exp
[
−Nc
2
n (t1 − t0)σ(v)
]
. (17)
The exponential factor is commonly interpreted as the S-matrix for the elastic scattering of
a color dipole of (fixed) transverse size v [11]. The instantaneous interactions of the dipole
with the medium exponentiate, leading to the interpretation of the dipole S-matrix in terms of
multiple scatterings. This exponentiation may also be viewed as a diagram resummation. An
illustration of the color averaging and the corresponding diagrams that are resummed is given in
Fig. 2. Anticipating on the forthcoming discussion, let us observe here that the exponentiation
results from the instantaneous nature of the interactions and the causal propagation between
successive interactions.
5The delta function δ(t− t′) reflects the instantaneity of the correlator (11).
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By taking the Fourier transform of Eq. (13), one gets an equation for P:
P(p1, t1|p0, t0) = (2pi)2δ(p1 − p0)−
Nc
2
n
∫ t1
t0
dt
∫
q
σ(q)P(p1 − q, t|p0, t0) ,
(18)
where σ(q) =
∫
d2v eiq·vσ(v) is the Fourier transform of the dipole cross-section. This equation
has as simple probabilistic interpretation. To see that more clearly, it is useful to write, using
Eqs. (15) and (12),
−Nc
2
nσ(q) ≡ w(q)− (2pi)2δ(q)
∫
q′
w(q′) , w(q) =
nNcg
2
q4
. (19)
The equation (18) can then be written as a master equation
P(p1, t1|p0, t0) = (2pi)2δ(p1 − p0)
+
∫ t1
t0
dt
∫
q
w(q)P(p1 − q, t|p0, t0)−
∫ t1
t0
dtP(p1, t|p0, t0)
∫
q
w(q) ,
(20)
in which w(q)dt can be interpreted as the probability that the particle acquire a transverse
momentum q during dt, and the two terms in the last line can be viewed as respectively a
gain and a loss term. Note that w(q) is proportional to the elastic scattering cross section
d2σel/d
2q of the fast parton with the constituents of the medium. The integral equation (18)
can be rewritten as a differential equation by taking the derivative with respect to t1 on both
sides. One gets, with a slight change of notations (P(p, t|p0, t0) ≡ P(p, t)),
∂
∂t
P(p, t) = −Nc
2
n
∫
q
σ(q)P(p− q, t) . (21)
In the regime dominated by multiple soft scatterings, namely when the momentum transfer in
a collision with medium particles is small compared to the typical momentum acquired at time
t, i.e., when q  p, one can transform this equation into a Fokker-Planck equation:
∂
∂t
P(p, t) = 1
4
(
∂
∂p
)2 [
qˆ(p2)P(p, t)] , (22)
with the (momentum dependent) diffusion coefficient given, to logarithmic accuracy, by
qˆ(p2) =
∫
q
q2w(q) = −Nc
2
n
∫
q
q2σ(q) ' 4piα2sNc n ln
p2
m2D
. (23)
The p2 dependence of qˆ comes from the integration of the logarithmic phase-space of q2 from
m2D to p
2, with mD the Debye screening mass. Note that only the part w(q) of σ(q) (see
Eq. (19)), that is, only the “real” term, contributes to qˆ (the virtual term does not involve any
transfer of momentum). Note also that the transport coefficient determines the expansion of
the dipole-cross section for small sizes, the so-called harmonic approximation,
Nc
2
nσ(v) ' 1
4
qˆ(v−2)v2 .
This is obtained by expanding the dipole cross section (15) for small v, and using 1/v as upper
cutoff in the logarithmic integral giving qˆ. This expression will be referred to later in the
discussion.
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3. Radiative corrections to the broadening probability
Let us turn now to radiative corrections to the broadening probability or equivalently to
the 2-point function. The results to be presented in this section are not new (see e.g. [11, 2]).
However, it is instructive, and useful for the following section, to review the basic steps in
their derivation, in order to exhibit some of the subtleties of the calculation. We shall first
discuss the correction to the broadening probability distribution, and then briefly rephrase the
calculation in coordinate space. Both versions contain useful and complementary information.
Additional technical details are given in the Appendix.
x0
t1
x¯1
x1
t0
x¯0
y0 y1(1− z)E
E
zE
Figure 3: Diagrammatic representation of the 3-point function (X1|S(3)(t1, t0)|X0) associated to the emission
of a soft gluon [17]. Here X0 and X1 denote collectively the transverse coordinates attached to the end points
of the propagators: X0 = (x0,y0; x¯0), and X1 = (x1,y1; x¯1). The middle line represents the propagator G of
the hard gluon after its splitting, in the amplitude, and the bottom line the propagator G† of the hard gluon in
the complex conjugate amplitude. The splitting occurs at time t0 in the amplitude, and at time t1 > t0 in the
complex conjugate amplitude. The upper line represents the propagator G of the soft emitted gluon (1−z  1).
In the eikonal approximation, the propagators associated with the hard gluon are simply trivial Wilson lines
U†x¯0(t1, t0) and Ux0(t1, t0).
Before we proceed with radiative corrections, we need to introduce the 3-point function that
plays a central role in the calculation, and review some of its basic properties. This 3-point
function is defined in analogy with the 2-point function of Eq. (10). It can be written in general
as follows, see Fig. 3,
(X1|S(3)(t1, t0)|X0) = f
a1b1c1fa0b0c0
Nc(N2c − 1)
〈(y1|Ga1a0 |y0)(x1|Gb1b0 |x0)(x¯0|G†c0c1 |x¯1)〉 , (24)
using a similar matrix notation as for the 2-point function, but with here X0 ≡ (x0,y0; x¯0)
and similarly for X1. In the right hand side, we have not indicated the dependence of the
propagators on t1 and t0 to simplify the writing. This 3-point function involves the product
of three gluon propagators, two G and one G†, the whole object being coupled to an overall
color singlet. An explicit expression analogous to that given above for the 2-point function in
terms of the dipole cross section can be obtained by using the path integral representation of
the propagator (see e.g. [17]), and averaging over the background field. One then easily derives
the following integral equation, analogous to Eq. (13) for the 2-point function S(2)(t1, t0),
S(3)(t1, t0) = S
(3)
0 (t1, t0)−
∫ t1
t0
dt3
∫ t3
t0
dt2 S
(3)
0 (t1, t3) Σ
(3)(t3, t2)S
(3)(t2, t0) . (25)
with (X ≡ (x,y; x¯) and similarly for X ′)
(X|Σ(3)(t, t′)|X ′) ≡ δ(X −X ′)δ(t− t′) Ncn
4
[σ(x− x¯) + σ(y − x) + σ(y − x¯)] , (26)
where here δ(X−X ′) = δ(x−x′)δ(y−y′)δ(x¯− x¯′). The three dipole cross sections correspond
to the three possible pairing of the lines in Fig. 3.
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In the calculation of the radiative corrections to the momentum broadening, the dominant
logarithmic contribution to the 3-point function involves a very soft gluon, carrying a small
fraction 1− z  1 of the energy E of the hard gluon. We call ω the energy of this soft gluon,
i.e.,
ω ≡ (1− z)E . (27)
When the soft gluon travels a distance ∆y⊥ ∼
√
2τ/ω during a given time τ , the hard gluon
travels a much smaller distance
√
2τ/E ∼√(1− z)∆y⊥ (cf. Eq. (7)). One may then approx-
imate the 3-point function by replacing the propagators G and G† of the hard gluon by trivial
Wilson-lines, but keeping the propagator of the soft gluon as a usual propagator. The resulting
3-point function acquires then the following form
(X1|S(3)|X0) = δ(x1 − x0)δ(x¯1 − x¯0) 1
Nc(N2c − 1)
〈
(y1|Ga1a0 |y0)Tr
(
U †x¯0T
a1Ux0T
a0
)〉
, (28)
which we rewrite as
(X1|S(3)(t1, t0)|X0) = δ(x0 − x1)δ(x¯0 − x¯1) S˜(3)(u0,u1,v), (29)
with
S˜(3)(u0,u1,v) =
∫
Du exp
{
iω
2
∫ t1
t0
dt u˙2 − Nc n
4
∫ t1
t0
dt [σ(u)+σ(v+u)+σ(v)]
}
.
(30)
We have set v0 ≡ x0− x¯0, v1 ≡ x1− x¯1. The path integral in Eq. (30), which we shall refer to
as the reduced 3-point function, depends non trivially only on v = v0 = v1, the (constant) size
of the dipole representing the hard gluon, and on the end points of the path integral, namely
u1 = y1 − x1 and u0 = y0 − x0. In momentum space, we have, with P0 ≡ (p0, q0; p¯0) and
P1 ≡ (p1, q1; p¯1),
(P1|S(3)(t1, t0)|P0) = (2pi)2δ(2)(q0+p0−q1−p1+l)θ(t1 − t0) S˜(3)(q0, q1, l) , (31)
where we have factored out the momentum conserving delta function and set l ≡ p¯1 − p¯0. It
is easily seen that the reduced 3-point function S˜(3)(q0, q1, l) is given by
S˜(3)(q0, q1, l) ≡
∫
du0du1dv e
iu0·q0−iu1·q1−iv·l S˜(3)(u0,u1,v). (32)
It depends on only three momenta: the momentum p0 conjugate to the initial endpoint u0 =
y0 − x0 of the path integral over u, the momentum p1 conjugate to the final endpoint u1 =
y1 − x1 and the momentum l ≡ p¯1 − p¯0 conjugate to the (fixed) size v = x− x¯ of the dipole
associated with the hard gluon. In addition, S(3) depends on the times t0 and t1 (see Fig. 3).
In the harmonic approximation, Eq. (32) reads (it can be obtained for instance by taking
the limit z → 1 of Eq. (A.13) of Ref. [2]),
S˜(3)(q0, q1, l) =
16pi
3qˆτ
exp
{
−4
[
l− (q1 − q0)/2
]2
3qˆτ
}
× 2pii
Ωω sinh(Ωτ)
exp
{
−i (q0 + q1)
2
4ωΩ coth(Ωτ/2)
− i (q1 − q0)
2
4ωΩ tanh(Ωτ/2)
}
, (33)
where τ ≡ t1 − t0, and
Ω ≡ 1 + i
2τ
br
(ω)
, (34)
with τ
br
(ω) ≡ √ω/qˆ. This expression will be used later in the evaluation of the radiative
correction to qˆ.
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3.1. Single radiative correction
We now consider explicitly the radiative corrections displayed in Fig. 4. These diagrams
represent a correction to the 2-point function, with, as in the previous section, the amplitude
and its complex conjugate drawn one above each other: the upper thick line is a propagator
G in the amplitude of the hard gluon, the lower thick line a propagator G† in the complex
conjugate amplitude. The wavy line represents the soft radiated gluon of energy ω. Strictly
speaking, the corresponding propagator is a time-ordered propagator, but this plays no role in
the present calculation.
x0
t1
x¯1
x1
t0
x¯0
t3
x¯3x¯2
t2
x2 x3
+
x0
t1
x¯1
x1
t0
x¯0
t3
x¯3x¯2
t2
x2 x3
Figure 4: Real (left) and virtual (right) contributions to the radiative correction to the 2-point function. There
are other diagrams that are not shown, corresponding to a different time ordering of the emission and absorption
vertices in the real term, and a diagram where the virtual correction is attached to the propagator G†, i.e., to
the lower line. The contributions of these extra diagrams can be accounted for by taking twice the real part of
the diagrams shown (see Appendix).
The modification of the probability P due to a radiative correction is given by Eq. (35) in
the Appendix, which involves a 3-point function and “external” factors P. Noticing that the
correction that we are looking for is contained in the reduced 3-point function S˜(3) and not in
the external factors P, we replace these external factors by their free values (given for instance
by the first term in Eq. (18)). One gets then, after relabeling the momenta,
∆P(p1 t1|p0 t0) =
g2Nc
4pi
2Re
∫
dω
ω3
∫ t1
t0
dt3
∫ t3
t0
dt2
×
∫
q2q3
(q2 · q3)
[
S˜(3)(q2, q3, l+ q3)− S˜(3)(q2, q3, l)
]
,
(35)
with here l = p1 − p0, and both reduced 3-point functions depend on t3 − t2. One recognizes
in this expression the contributions of the two diagrams displayed in Fig. 4. Note that∫
p1
∆P(p1 t1|p0 t0) = 0, (36)
as it should be for ∆P to be interpreted as a correction to a probability.
At this point, we rewrite the time integrals as follows∫ t1
t0
dt3
∫ t3
t0
dt2 =
∫ t1
t0
dt2
∫ t1−t2
0
dτ (37)
with τ = t3 − t2. We then make a “local” approximation, i.e., we assume that the double
integral is dominated by values of τ that are much smaller than the typical intervals covered
by either t2 or t3 (which are of order L). This allows us to factor out the integration over τ ,
and to treat the radiative correction as a local correction. We get then, after performing the
t2 integration, which yields a factor t1 − t0,
∆P(p1 t1|p0 t0)
t1 − t0 =
g2Nc
4pi
2Re
∫
dω
ω3
∫
dτ
∫
q2q3
(q2 · q3)
[
S˜(3)(q2, q3, l+ q3; τ)− S˜(3)(q2, q3, l; τ)
]
,
(38)
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where we have left the boundaries of the τ integration unspecified. These will be dealt with
shortly. In fact, there is a subtlety here. As we shall see, the integral over τ is divergent at
small τ , but only logarithmically, so that it is not really dominated by the smallest allowed
values of τ . However, as we shall argue later, the upper end of the integration does not affect
the coefficient of the logarithm, which is all what we can calculate at this stage.
From Eq. (38) it is a simple matter to identify the transport coefficient. To do so, in line
with the remark above concerning the effective locality of the radiative correction, we assume
that the broadening distribution obeys, in the presence of the radiative correction, an equation
similar to Eq. (18), with a modified dipole cross section. We then isolate the change in the
distribution, ∆P(p1 t1|p0 t0), associated to one radiative correction occurring between t0 and
t1, by considering a small interval t1 − t0, setting P = P0 in the right hand side of Eq. (18),
and absorbing the entire modification into a change of the dipole cross section that we denote
by ∆σ. We get then
∆P(p1 t1|p0 t0)
t1 − t0 = −
Nc
2
n∆σ(p1 − p0) . (39)
By comparing Eq. (39) and Eq. (38), one obtains
−Nc
2
n∆σ(l) =
g2Nc
4pi
2Re
∫
dω
ω3
∫
dτ
∫
qq′
(q · q′)
[
S˜(3)(q, q′, l+ q′; τ)− S˜(3)(q, q′, l; τ)
]
, (40)
and, referring to Eq. (23), one deduces the correction to the jet-quenching parameter
∆qˆ = αsNc 2Re
∫
dω
ω3
∫
dτ
∫
q,q′,l
[(q′ − l)2 − l2] (q · q′) S˜(3)(q, q′, l; τ) , (41)
where we have set αs = g
2/(4pi). Note that, in contrast to what happens for the case of
instantaneous interactions with the medium where only the real term contributes (see Eq. (23)
and the remark below it), here both the real and the virtual terms contribute to the correction
∆qˆ. This is because at least one interaction with the medium occurs during the lifetime of the
fluctuation, and this changes the transverse momentum. This change is reflected in both the
real and the virtual contributions.
It is instructive to see how the same correction can be obtained by carrying out the calcu-
lation in coordinate space. This provides an interesting and complementary view, that besides
will be useful for the discussion in the next section, where the use of coordinate space will
prove useful in handling the radiative corrections to the 3-point function, in particular for the
treatment of the color algebra. In coordinate space, it is the 2-point function, ∆S(2)(t1, t0)
that is the appropriate object to consider, rather than the momentum broadening probability
itself. The calculation involves the same approximations as those used in momentum space. In
particular the coordinates of the hard gluons (in the amplitude and its complex conjugate) are
frozen during the lifetime of the fluctuation, i.e., between t2 and t3, and accordingly, the hard
gluon propagators are given by trivial Wilson lines (cf. Eq. (8)),
(x3|G|x2) ≈ δ(x3 − x2)Ux2 and (x¯2|G†|x¯3) ≈ δ(x¯3 − x¯2)U †x2 . (42)
The calculation leads then, for the real correction, and using the matrix notation of Eq. (13),
∆S(2)(t1, t0) = −
∫ t1
t0
dt3
∫ t3
t0
dt2 S
(2)(t1, t3) ∆Σ
(2)(t3, t2)S
(2)(t2, t0) , (43)
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with
(X3|∆Σ(2)(t3, t2)|X2)
= δ(X3 −X2) αs
N2c − 1
2Re
∫
dω
ω3
〈
TrU †x¯2T
a3Ux2T
a2
[
∂y2 · ∂y3 (y3|Ga3a2 |y2)
]
y2=x2,y3=x¯2
〉
= δ(X3 −X2)αsNc
2
2Re
∫
dω
ω3
∂u2 · ∂u3S˜(3)(u2,u3,v; τ)|u2=0,u3=−v ,
(44)
where τ ≡ t3 − t2, u2 ≡ y2 −x2, u3 ≡ y3 −x3 and v ≡ x2 − x¯2, and we have used the eikonal
vertex acting on the the radiated gluon propagator
Γax =
2ig
z
T ai∂x , (T
a)bc = if
abc , z = ω/E . (45)
The virtual correction is given by the same formula in which ∂u2 ·∂u3S˜(3)(u2,u3,v; τ)|u2=0,u3=−v
is replaced by −∂u2 · ∂u3S˜(3)(u2,u3,v; τ)|u2=u3=0.
By the same reasoning as before, we shall treat the correction Σ(2)(t3, t2) as a local correc-
tion, i.e., set formally Σ(2)(t3, t2) ∝ δ(t3 − t2). After replacing the factors S(2) external to the
radiative correction by free 2-point functions (which are independent of time), and performing
the t2 integration, we get
(X1|∆S(2)(t1, t0)|X0) = −(t1 − t0)δ(X1 −X0)αsNc
2
∫
dω
ω3
∫
dτK(v, τ), (46)
with
K(v, τ) ≡ 2Re∂u2 · ∂u3
[
S˜(3)(u2,u3,v; τ)|u2=0,u3=−v − S˜(3)(u2,u3,v; τ)|u2=u3=0
]
,
= 2Re
∫
q2,q3,l
(
ei(l−q3)·v − eil·v
)
(q2 · q3)S˜(3)(q2, q3, l; τ). (47)
Note the vanishing of this expression when v → 0. This is the equivalent, in the coordinate
space representation, of the relation (36) expressing the fact that ∆P is a probability. It
results from a cancellation between real and virtual terms, reflecting the property of color
transparency of a dipole cross section. The identification of the correction to the dipole cross
section proceeds this time by comparison with the integral equation (13) (more properly, its
generalization, whose validity, as that of the Fokker-Planck equation relies on the locality
assumption, as emphasized earlier), as well as Eq. (14) for fixing the relation between ∆σ and
∆Σ(2). One then gets, leaving the bounds on the τ integration unspecified for the moment,
Ncn
2
∆σ(v) = αs
Nc
2
∫
dω
ω3
∫
dτ K(v, τ) ≈ 1
4
v2∆qˆ,
(48)
where the last equality stems from Eq. (24) expressing σ(v) at small v in the harmonic ap-
proximation. We use this relation to interpret the correction ∆σ(v) as a correction to the
parameter qˆ.
We now move to the explicit calculation of ∆qˆ. Using the explicit expression (33) of the
reduced 3-point function, one can easily perform the integrations over transverse momenta and
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get
∆qˆ = 2αsNc
∫
dω
ω3
∫
dτ 2Re
∫
q,q′,l
1
2
[
(q′ − l)2 − l2] (q · q′)S˜(3)(q, q′, l; τ) ,
=
αsNc
pi
2Re
∫
dω
∫
dτ
iΩ3
sinh(Ωτ)
[
1 +
4
sinh2(Ωτ)
]
,
' αsNc
pi
2Re
∫
dω
∫
dτ
iΩ3
Ωτ
,
' αsNc
pi
∫
dω
ω
∫
dτ
τ
qˆ ,
(49)
which exhibits a double logarithmic divergence when τ → 0. The boundaries of the integrations
have been discussed extensively already [11, 2]. As clear from Eq. (49) the τ integral is bounded
at the upper end but τbr(ω) =
√
ω/qˆ corresponding to the onset of the multiple scattering
regime and the LPM effect (see Eq. (33)). In order to specify more completely the boundaries
of the double integral, it is more convenient to change variables, from (ω, τ) to (q, τ), with
τ ≡ ω/q2 the formation time of the radiated gluon, and q its transverse momentum which can
run up to p2 ≡ (p1 − p0)2. We obtain then
∆qˆ(τmax,p
2) ≡ αsNc
pi
∫ τmax
τ0
dτ
τ
∫ p2
qˆτ
dq2
q2
qˆ(q2) , (50)
where we have explicitly indicated the scale dependence of qˆ. The boundary corresponding
to the region of multiple scattering now appears as the lower bound of the q integration,
q < kbr ≡ qˆτ . The largest value of τ is now τmax ∼ t1 − t0 ∼ L, while τ−10 may be viewed as
the largest energy that can be extracted from the medium through a single scattering. For a
constant qˆ in the integral, one can easily perform the integrations, and by keeping the leading
contributions, we recover the result first derived in [11, 2],
∆qˆ(p2) ' αsCA
2pi
qˆ ln2
(
p2
qˆτ0
)
. (51)
3.2. Independent multiple radiative corrections
We return now to the approximation that we have used in order to identify the radiative
correction to the 2-point function as a correction to the jet quenching parameter. The main
assumption is the locality in time. We know however that this is not a priori a good approx-
imation since the radiated soft gluons can have long lifetimes, and successive radiations can
overlap, ruining the reasoning based on the Fokker Planck equation, or the exponentiation of
the 2-point function. Let us recall that in the absence of radiative corrections, the factoriza-
tion of successive interactions with the medium particles relies on the instantaneity of these
interactions, so that successive collisions do not overlap, and also on the fact that the color
structure is trivial, so that the 2-point function remains a singlet after each interaction. These
two properties no longer hold in the presence of radiative corrections. Still we shall now argue
that the logarithmic nature of the phase space integration allows us, in fact, to treat the dom-
inant corrections as if they were effectively local. This is so because uncertainties in the upper
limit of the logarithmic integration leads only to sub-leading contributions.
This argument can be best illustrated by a simple calculation. We focus on the time
integrations, since the phase space is the most important part here (it is indeed unlikely that
peculiar color structures of overlapping radiations amplify a singularity). The exponentiation of
the interactions result from the simple property of the integral giving for instance the survival
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probability of a particle propagating from t0 = 0 to L, and undergoing independent successive
collisions with cross section σ0:
S(L) =
∞∑
n=0
∫ L
0
dtn
∫ tn
0
dtn−1...
∫ t2
0
dt1(−σ0)n ≡ exp (−σ0L) . (52)
Let us now consider a radiative correction leading to a logarithmic contribution of the form
∆S(L) = −σ0 α
∫ L
0
dt
∫ L
τ0
dτ
τ
≡ α ln L
τ0
(−σ0L) . (53)
The processes with two radiative corrections correspond to the two graphs displayed in Fig. 5.
t1 + τ1t10 Lt2 + τ2t2 0 Lt1 + τ1t1 t2 + τ2t2
Figure 5: Two radiative contributions corresponding to different time integration regions. Left: disconnected
graph. Right: connected graph.
The disconnected graph (left graph in Fig. 5), yields, when α ln(L/τ0) ∼ 1 and α  1, the
contribution
(ασ0)
2
∫ L
τ0
dt2
∫ t2−τ0
0
dt1
∫ L−t2
τ0
dτ2
τ2
∫ t2−t1
τ0
dτ1
τ1
' 1
2!
(
−σ0Lα ln L
τ0
)2
, (54)
while the connected graph yields a contribution ∼ (ασ0L)2 ∼ O(α2), which is suppressed
relative to the contribution of the disconnected graph (it does not contain a logarithmic en-
hancement). Thus, even though the two fluctuations overlap, this is of no consequence for the
leading logarithmic corrections; this plays no role in particular in the determination of the coef-
ficient in front of the logarithmic correction. It follows therefore that the successive logarithmic
corrections can be considered as effectively independent, allowing for the exponentiation of the
disconnected graphs
S(L) = exp
[
−σ0
(
1 + α ln
L
τ0
)]
' Sdisc(L) +O(α) . (55)
It can furthermore be verified that the disconnected graphs remain the leading (logarithmic)
contributions when we allow for mixed contributions involving the instantaneous interactions
that lead to (52).
This argument is what allows us to generalize Eq. (13) to a Σ(t, t′) that includes the
radiative corrections, to treat the double logarithmic correction to Σ(t, t′) as effectively local,
and multiple such radiative corrections as independent. As we have seen, such corrections can
be interpreted, in the coordinate space description, as a modification of the dipole cross-section
σ(v) → σ(v) + ∆σ(v, τmax), where τmax ≡ t1− t0, or in momentum space as a modification of
the equation for the momentum broadening probability
∂
∂t
P(p, t) = 1
4
(
∂
∂p
)2 [
qˆ(p2) + ∆qˆ(t,p2)
] P(p, t) , (56)
which generalizes Eq. (22). In both cases, the radiative corrections are accounted for by a
correction to the jet quenching parameter.
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4. Radiative corrections to the medium-induced gluon spectrum
We now address the main issue that motivated this paper, namely how the correction to
qˆ that we have identified in the previous section affects the spectrum of radiated gluons, and
more generally the medium-induced branching processes that give rise to the in-medium QCD
cascade. We shall present a general analysis for the former case, while the general branching
process will be dealt with only in the limit of large Nc.
Let us recall that the spectrum (1) of radiated gluons with frequency ω  E, can be
calculated from the reduced 3-point function (32), according to
dN
dωdt
≡ αsNc
ω2
2Re
∫ ∞
0
dτ
∫
q,q′,l
(q · q′) S˜(3)(q, q′, l; τ) . (57)
Here the variable t runs up to ∼ L. This spectrum is valid in the large medium length limit
where the gluon branching time τbr =
√
ω/qˆ  L and the integration over the gluon formation
time τ < L is suppressed exponentially beyond τbr. This is why we can integrate τ up to
infinity in Eq. (57).
The 3-point function S˜(3) is given explicitly by Eq. (33) in the harmonic approximation, and
τ = t1− t0, with t0 and t1 denoting the times of the emission in the amplitude and its complex
conjugate, respectively (see Fig. 3). The BDMPS spectrum of Eq. (1) is easily recovered from
this expression by performing the integrations over the transverse momenta and over τ [4, 17].
As is clear from Eq. (33) the reduced 3-point function depends explicitly on qˆ. Our goal is
to show that the leading radiative corrections do not modify S˜(3), except for a change in the
value of the parameter qˆ, the correction to qˆ being, besides, the same as that calculated in the
previous section for momentum broadening.
Quite generally, we shall be concerned with the radiative corrections of the 3-point function
(24), whose graphical interpretation is given in Fig. 3. The diagram displayed there corresponds
typically to a branching process where a gluon with initial energy E (represented by the lower
two thick lines in the amplitude and the conjugate amplitude, respectively), splits into two
gluons with energies zE and ω ≡ (1 − z)E, the latest being represented by the upper thick
line.
Diagrams representing the radiative corrections are displayed in Fig. 6. The gluon that
is responsible of the radiative correction carries energy ω′ and is represented by a wavy line.
Altogether there are nine diagrams to consider, but only three of those are shown in Fig. 6.
They correspond to the emission from the line y (gluon ω) at time t2 and ending at time
t3 either on the same line, or on the x and x¯ lines corresponding to the gluon E. These
three contributions will be referred to as A1, A2 and A3 respectively. Similarly, we have three
diagrams Bi and three Ci, with i = 1, 2, 3, for emissions from the x and x¯ lines respectively.
We expect a double logarithmic enhancement when the energy ω′  ω,E of the radiated
gluon becomes very small, or equivalently when the corresponding fluctuation is very short-
lived: τ ′ = t3 − t2  τ , where the gluon ω′ is emitted at time t2 and reabsorbed at time
t3, while τ = t1 − t0 is the typical time scale of the branching process E → (zE, (1 − z)E).
Accordingly, and as we did earlier when calculating the radiative corrections to the 2-point
function, we shall replace, in the time interval [t2, t3], the propagators attached to the thick
lines in the diagrams of Fig. 6 by trivial Wilson lines (see Eq. (8)), while that of the wavy line
will be an ordinary propagator G (Eq. (4)), or G† if the emission occurs on the line x¯. The
vertex coupling the radiated gluon to the thick lines will be taken in the eikonal approximation
and is given by Eq. (45).
4.1. Correction to the gluon spectrum
For the calculation to the correction to the gluon spectrum, we assume z . 1, so that
ω  E. Furthermore, the energy ω′ of the radiated gluon is much smaller that the energy of
its emitter, so that ω′  ω  E. To summarize, we look now at how the process where a gluon
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x0
t1
x¯1
x1
t0
x¯0
t3t2
y0 y2 y1y3
x0
t1
x¯1
x1
t0
x¯0
t3t2
x3
y0 y2 y1
x0
t1
x¯1
x1
t0
x¯0
t3t2
y0 y2 y1
x¯3
Figure 6: Contributions A1 (top), A2 (bottom left) and A3 (bottom right) to radiative corrections of the 3-point
function corresponding to radiation off the upper line (the gluon with energy ω = (1 − z)E). The lowest two
lines represent the gluon, with energy zE, in the amplitude (middle line), and that with energy E in the complex
conjugate amplitude (bottom line). In most of the discussion of this section, z ' 1, so that the gluon ω is soft,
while the gluon E is hard.
of energy E splits into two gluons, one with energy ω  E, is affected by the emission of an
additional very soft gluon with energy ω′  ω. Note that in the diagrams shown in in Fig. 6,
the lowest two lines represent the hard gluon, with energy ∼ E (in the amplitude and complex
conjugate amplitude), while the upper line represents the soft gluon with energy ω  E.
In Sect. 3.2 we have argued that, to logarithmic accuracy, multiple radiative corrections
can be treated as independent and ordered in time, similarly to the instantaneous interac-
tion approximation that yields Eq. (25). Therefore, in analogy with what we did for the
2-point function in the previous section, we assume that the modified 3-point function obeys
a generalization of Eq. (25), where the radiative correction plays the role of a modified dipole
cross-section, and we isolate the contribution with one radiative correction6. The corresponding
correction S(3) can then be written as follows
∆S
(3)
a0b0c0
(t1, t0) =
αs
N2c − 1
∫
dω′
ω′3
∫ t1
t0
dt3
∫ t3
t0
dt2
× S(3)a3b3c3(t1, t3)Fa3b3c3,a2b2c2(t3, t2)S
(3)
a2b2c2,a0b0c0
(t2, t0) ,
(58)
where we have factorized the contributions of the various time intervals, [t0, t2], [t2, t3] and
[t3, t1]. These contributions are written as color tensors. The tensor F is associated with the
intermediate 4-point function (see Fig. 7), and the other two tensors are attached to 3-point
functions, with
S
(3)
a3b3c3
≡ fa1b1c1S(3)a1b1c1,a3b3c3 , S
(3)
a3b3c3
(t1, t3) ≡ fa3b3c3S(3)(t1, t3) , (59)
6For reasons discussed at the end of the previous section, we exclude from the present analysis the case
where successive radiative corrections overlap within the same time interval. Such corrections are expected to
be subleading with respect to the double logarithmic ones.
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where S(3)(t1, t3) is the scalar 3-point function defined in Eq. (24). Note that the choice of the
color indices ai, bi, ci is correlated to that of the coordinates yi,xi, x¯i, with i = 0, 1, 2, 3 labeling
the various times. We are leaving open the color indices at the initial time t0, and we shall show
that ∆S
(3)
a0b0c0
is proportional to fa0b0c0 . This will guarantee that the color structure exhibited
in Eq. (58) will iterate itself when multiple radiative corrections are included before time t0,
similarly to what happens to the 3-point function in the absence of radiative corrections (cf.
Eq. (25)).
We shall denote with parenthesis the contributions to F of the various diagrams, writing
(X3|F |X2) ≡ δ(y3 − y2)δ(x3 − x2)δ(x¯3 − x¯2)
3∑
i=1
[(Ai) + (Bi) + (Ci)] . (60)
For instance, the contribution to F of diagram A3 in Fig. 6, which we denote by (A3), reads
(A3)a3b3c3,a2b2c2 ≡ 〈
(
U †x¯3T
†e3
)c2c3
U b3b2x3
(
Uy2T
e2
)a3a2 ∂z2 · ∂z3(z3|Ge3e2 |z2)∣∣∣
z2=y2,z3=x¯3
〉 ,
(61)
where we have used the fact that during the radiation time, τ ′ = t3 − t2, the transverse
coordinates of the emitting gluons are frozen in order to replace their propagators by trivial
Wilson lines, e.g., (y3|G(t3, t2)|y2) ≈ δ(y3 − y2)Uy2(t3, t2) for the gluon with frequency ω,
and similarly for the two other emitters with frequency E. The two derivatives acting on the
coordinates of the radiated gluon at the end points of its propagation, namely ∂z2 and ∂z3 ,
originate from the eikonal vertices (other factors, such as g and 1/z have been factored out).
Often in what follows, we shall set y2 = y3 ≡ y, x2 = x3 ≡ x and x¯2 = x¯3 ≡ x¯ in the
arguments of the Wilson lines, and we shall not indicate the dependence on the time variables
in order to simplify the formulae.
t3t2t0 t1
a0
b0
c0
a2
b2
c2
a3
b3
c3
y
x
x¯
Figure 7: Illustration of Eq. (58). This diagram represents the contribution (A)3 to the tensor F , Eq. (61).
Various color tensors appear in the three regions [t0, t2], [t2, t3] and [t3, t1], respectively S
(3)
a2b2c2,a0b0c0
from t0
to t2, Fa3b3c3,a2b2c2 from t2 to t3 and S
(3)
a3b3c3
from t3 to t1. The soft gluon with frequency ω
′ (wavy line) is
emitted at time t2, and transverse coordinate y2 and reabsorbed at time t3, at transverse coordinate x¯3. Its
non-eikonal propagation is described by the propagator (x¯3|G(t3, t2)|y2). The three thick lines represent the
eikonal propagation, described by trivial Wilson lines, of gluon ω (the upper line) in the amplitude, and gluon
E, the middle and the lower lines, in the amplitude and complexe conjugate amplitude respectively.
We proceed now to the systematic analysis of the color structure of the 9 diagrams that
contribute to Eq. (58). These differ only in the transverse coordinates of the emission and
absorption of the softer gluon. We do the analysis starting from the right parts of the diagrams,
i.e., from the latest times, and then moving to the left, i.e., to the early times (see Fig. 7).
The 3-point function without radiative corrections, S
(3)
a3b3c3
(t1, t3), that ends at time t1 and is
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common to all nine diagrams, obeys the second equality in Eq. (59). By contracting fa3b3c3
with the 4-point tensor F in the region [t2, t3], we get
(A3)a2b2c2 ≡ fa3b3c3 (A3)a3b3c3,a2b2c2
= fa3b3c3〈
(
U †x¯T
e3
)c2c3
U b3b2x (UyT
e2)a3a2 ∂z2 · ∂z3(z3|Ge3e2 |z2)
∣∣∣
z2=y2,z3=x¯3
〉,
(62)
where we have chosen the diagram A3 as an example. The complete result for F is obtained by
summing over all possible hookings of the radiated gluon with the requirement that the gluon
propagator is G(t2, t3) if it initiates at x2 or y2 and G†(t3, t2) if it initiates at x¯2, as is the case
for the contributions C.
At this point, we invoke the fact that ω  E, as already mentioned. According to Eq. (7),
the soft gluon ω therefore explores transverse distances, that are large compared to the sizes
of the emitting dipole. Given this, one can neglect, in the 4-point function that appears in
the interval [t2, t3], the dipole size of the hard gluon, v ≡ x − x¯, with respect to that of the
soft gluon u ≡ y − x. In fact, in the calculation of the spectrum, there is no approximation
involved here: indeed, the integration over l (conjugate of v in Eq. (32)) in Eq. (57) yields a
factor δ(v) which enforces the size of this hard gluon dipole to vanish.
Exploiting this property (x¯ = x), we can write the total contribution (A) = (A1) + (A2) +
(A3) as follows
(A)a2b2c2 = −i
〈[
−
(
U †xT
a3Ux
)
c2b2
(T e3UyT
e2)a3a2
]
∂z2 · ∂z3(z3|Ge3e2 |z2)
∣∣∣
z2=z3=y
−i
[
−
(
U †xT
a3T e3Ux
)
c2b2
(UyT
e2)a3a2
+
(
U †xT
e3T a3Ux
)
c2b2
(UyT
e2)a3a2
]
∂z2 · ∂z3(z3|Ge3e2 |z2)
∣∣∣
z2=y,z3=x
〉
,
(63)
where used has been made of the identity (T a)cb = if
abc. Note that the first two terms, A1
and A2, are virtual corrections where the gluon is emitted and reabsorbed in the amplitude.
This is the reason why they come with a relative minus sign as compared to A3. These three
contributions are illustrated in the first diagram of Fig. 8 for the term (A1), and the first two
diagrams in Fig. 9, for the last two terms (A2) and (A3).
The last two terms in Eq. (63), corresponding to the contributions (A2) and (A3), can be
given a form similar to that of the first term (A1), by using the Fierz identity
T aT e − T eT a = [T a, T e] = ifaedT d = −(T e)daT d. (64)
By combining the three contributions, one then gets
−i
[
−
(
U †xT
a3Ux
)
c2b2
(T e3UyT
e2)a3a2
]
∂z2 · ∂z3(z3|Ge3e2 |z2)|z2=z3=y ,
−i
[
+
(
U †xT
a3Ux
)
c2b2
(T e3UyT
e2)a3a2
]
∂z2 · ∂z3(z3|Ge3e2 |z2)|z2=y,z3=x ,
= −i
(
U †xT
a3Ux
)
c2b2
(T e3UyT
e2)a3a2
×∂z2 · ∂z3 [(z3|Ge3e2 |z2)|z2=y,z3=x − (z3|Ge3e2 |z2)|z2=z3=y] . (65)
We now make use of the following extended form of the Fierz identity(
U †xT
a3Ux
)
c2b2
= (T d)c2b2(U
†
x)da3 , (66)
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and we get
(A)a2b2c2 = −i
(
T d
)
c2b2
〈
(
U †xT
e3UyT
e2
)
da2
×∂z2 · ∂z3 [(z3|Ge3e2 |z2)|z2=y,z3=x − (z3|Ge3e2 |z2)|z2=z3=y]〉 . (67)
Thus, the 4-point function reduces to a 3-point function which has a trivial color structure,
that is, it is proportional to fa2b2c2 . Hence,
(A)a2b2c2 = Nc f
a2b2c2
∂z2 · ∂z3
[
S˜(3)(z2 − y, z3 − y,u; τ ′)
∣∣∣
z2=y,z3=x
− S˜(3)(z2 − y, z3 − y,u; τ ′)
∣∣∣
z2=z3=y
]
,
(68)
where we have recognized the reduced 3-point function of Eq. (28),
S˜(3)(z2 − y, z3 − y,u; τ ′) = 1
Nc(N2c − 1)
〈Tr
(
U †xT
e3UyT
e2
)
(z3|Ge3e2 |z2)〉, (69)
whith u = y − x and τ ′ = t3 − t2. Using the definition in Eq. (47), we get for the real part of
(A)a2b2c2
Re(A)a2b2c2 = Nc f
a2b2c2 1
2
K(u, τ ′) , (70)
which contains the double logarithmic enhancement encoutered in Eq. (49).
The various manipulations that we have performed can be understood graphically. This is
illustrated in Fig. 8 and 9, and we refer to the captions of these figures for further details on
the calculation.
t3t2
a2
b2
c2
t3t2
a2
b2
c2
t3t2
a2
b2
c2
× Nc
Figure 8: (A1) contribution to the radiative correction to the 3-point function. The three diagrams represent
various steps in the color algebra. The lower diagram represents the final factorized result in Eq. (65). The
thick lines represent Wilson lines and the wavy line the radiated gluon. The dashed lines in the r.h.s of the first
diagram indicates that the Wilson lines are coupled to an f symbol represented by a black dot. In the second
diagram, the generalized Fierz identity (66) has been used to move the dotted vertex to the time t2 reducing the
two Wilson lines at equal transverse position x to a single Wilson line which, together with the upper Wilson
line (at position y), is coupled to a singlet. The last diagram represents the last step in the color reduction: the
two Wilon lines at t2 are in a color singlet, and the f
a2b2c2 symbol emerges as the remaining color structure.
We still have to account for the emission off the lower lines, corresponding to the diagrams
depicted partly in Figs. 10 and 11. We shall be very brief here, since the manipulations to be
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t3t2
a2
b2
c2
t3t2
a2
b2
c2
t3t2
a2
b2
c2
× Nc
Figure 9: Upper panel: (A2) (left) and (A3) (right) contributions. Lower panel: the result for (A2) + (A3).
Combining the upper two diagrams using the Fierz identity (64) allows us to move the dotted vertex to the left
of the soft gluon endpoint (wavy line) at time t3. Then the extended form of the Fierz identity, Eq. (66), allows
us to move the dotted vertex to the time t2. As a result the two lower Wilson lines collapse into a single one,
and we end up with two Wilson lines at transverse coordinates y and x, coupled to a singlet at both t3 and t2.
The final result is a reduced 3-point function multiplied by Ncf
a2b2c2 .
t3t2
a2
b2
c2
t3t2
a2
b2
c2
t3t2
a2
b2
c2
× Nc/2
Figure 10: The three steps in the color algebra analogous to those in Fig. 9, here for the B1 contribution.
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a2
b2
c2
t3t2
a2
b2
c2
t3t2
a2
b2
c2
× Nc/2
Figure 11: The three steps in the color algebra analogous to those in Fig. 9, here for the B2 +B3 contribution.
done involve the same techniques as used for the diagrams A, namely the use of Fierz identities
to rearrange terms. Illustrations of the procedure are given in Figs. 10 and 11. Consider
diagrams B. Using the Fierz identity for Wilson-lines we reduce diagram B1 to a 3 point
function with color factor Nc/2 times f
a2b2c2 . Diagrams B2 and B3 also combine into a 3-point
function with color factor Nc/2. Diagrams C can be computed similarly and yield the complex
conjugate of the 3-point fonction since it involves a G†. It follows that the sum of diagrams B
and C is real, and given by
(B + C)a2b2c2 =
1
2(N2c − 1)
fa2b2c2∂z2 · ∂z3{
〈Tr
(
U †xT
e3UyT
e2
)
[(z3|Ge3e2 |z2)|z2=x,z3=y − (z3|Ge3e2 |z2)|z2=z3=x]〉
+〈Tr
(
U †xT
e3UyT
e2
) [
(z3|G†e3e2 |z2)|z2=x,z3=y − (z3|G†e3e2 |z2)|z2=z3=x
]
〉
}
.
(71)
Using the fact that Tr
(
U †xT e3UyT e2
)
= Tr
(
UxT
e3U †yT e2
)
is real, it follows that the sum of
diagrams B and C is also real, and given by
(B + C)a2b2c2 = Nc f
a2b2c2
Re∂z2 · ∂z3
[
S˜(3)(z2 − x, z3 − x,−u, τ ′)
∣∣∣
z2=x,z3=y
− S˜(3)(z2 − x, z3 − x,−u, τ ′)
∣∣∣
z2=z3=x
]
,
(72)
which, by using the symmetry of K(u, τ ′) in the exchange u→ −u, we can write as
(B + C)a2b2c2 =
1
2
Nc f
a2b2c2K(u, τ ′) . (73)
The correction to the 3-point function (in the limit v → 0 as required by the integration
over l in Eq. (57)) can now be written by analogy with Eq. (25) as
∆S(3)(t1, t0) ' −
∫ t1
t0
dt3
∫ t3
t0
dt2S
(3)(t1, t2) ∆Σ
(3)(t3, t2)S
(3)(t2, t0) , (74)
where
(X3|∆Σ(3)(t3, t2)|X2) = δ(X3 −X2)αsNc
2
∫
dω′
ω′3
K(u, τ ′) . (75)
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At this point we proceed as for the 2-point function, and treat the correction ∆Σ(3)(t3, t2) as
a local correction. By comparing with Eq. (26) one then gets
Ncn
4
[∆σ(y − x¯) + ∆σ(y − x)] = Ncn
2
∆σ(u) =
αsNc
2
∫ τmax
dτ ′
∫
dω′
ω′3
K(u, τ ′) , (76)
in agreement with Eq. (48). We have used ∆σ(y−x) = ∆σ(y−x¯) = ∆σ(u), and ∆σ(x−x¯) = 0.
We have thus shown that to double logarithmic accuracy, the radiative corrections to the
reduced 3-point function are accounted for by correcting the dipole cross-section and thus the
jet quenching parameter. This result applies to the particular 3-point function involved in the
calculation of the gluon spectrum (57). In order to evaluate the corrected spectrum, we need
to perform the integration over τ in Eq. (57), replacing qˆ by qˆ + ∆qˆ(τmax). However, since
the correction to qˆ is computed to double logarithmic accuracy one can simply replace the
variable τmax in Eq. (76) (see also Eq. (50)) by its typical value in the radiation process, i.e.,
τmax ' τbr ≡
√
ω/qˆ. The integral over τ in the BDMPS spectrum (57) can then be perfumed
as for the case with no radiative correction. Doing so, we obtain
dN
dωdt
≡ αsNc
pi
√
qˆ + ∆qˆ
ω
, (77)
where for a constant qˆ one gets, from Eq. (50) letting p2 ' k2br(ω) ≡
√
ωqˆ,
qˆ + ∆qˆ ≈ qˆ
[
1 +
αsNc
2pi
ln2
√
ω
qˆτ20
]
. (78)
We shall return to this formula in the discussion section below.
4.2. General 3-point function in the large Nc limit
In the previous subsection, we have shown that the radiative corrections to the BDMPS
spectrum can absorbed in a renormalization of the quenching parameter. This result was
obtained for the special where the radiated gluon is soft, (1− z)→ 0, and the size of the dipole
made by the energetic gluons in the amplitude and the complex conjugate amplitude vanishes,
i.e., v = 0. In this special case, the color algebra, which constitutes the main technical difficulty
of the calculation, simplifies considerably. There is another situation where the color algebra
simplifies greatly, this is the limit of large Nc. In this limit, as we now show, it is possible
to generalize the previous result concerning the renormalization of qˆ to the general 3-point
function that describes the medium induced splitting, and which controls the in-medium QCD
cascade [2] .
Figure 12: Representation of the 3-point function with one radiative correction. In the right panel, the double
line representation that facilitates the analysis of the large Nc limit.
The representation of the 3-point function in the large Nc limit is given in Fig. 12, where
in the right hand side, we have used the standard double line notation to represent the gluons.
The diagrams in Fig. 12 represent a single radiative correction, and the interaction with the
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medium is ignored at this point (it will be discussed shortly). As made clear by the double
line notation of the diagram on the right, the additional gluon represents a correction of order
g2Nc, where the factor Nc comes from the additional loop.
Consider now the effect of a single medium interaction (which is the dominant contribution
to the double logarithmic singularity). The corresponding diagrams are displayed in Fig. 13.
The medium interaction is represented by vertical line to reflect the instantaneity of the medium
interaction (see Fig. 2). There are two distincts contributions. On the left hand side of
Fig. 13, the medium interaction takes place in the same dipole as that involved in the radiative
correction, the dipole yx. This diagram yields a factor g2Nc(nNc), where the factor nNc
comes from the instantaneous interaction (see Eq. (14)). This factor nNc is absorbed in qˆ,
while the factor g2Nc is the factor that comes multiplying the double logarithmic correction.
The diagram in the right hand side of Fig. 13 on the other hand, has a medium interaction
connecting two distinct dipoles, the dipole yx and the dipole xx¯. It is a non planar diagram,
whose contribution is suppressed by a factor 1/N2c with respect to that of the left diagram.
This argument is easily extended to all the diagrams that are relevant for the calculation
of the double logarithmic correction. One finds that the leading contributions at large Nc
are those which involve each single dipole individually. In other words, in the large Nc limit,
each individual dipole receives an independent correction, which can then be reabsorbed as a
correction to the corresponding dipole-cross section in Eq. (30):
σ(y − x) → σ(y − x) + ∆σ(y − x) ,
σ(x− x¯) → σ(x− x¯) + ∆σ(x− x¯) ,
σ(y − x¯) → σ(y − x¯) + ∆σ(y − x¯) .
(79)
We have then generalized our result to the general 3-point function and therefore, to the
branching kernel and the full medium-induced jet evolution in the large Nc limit. Note that in
the case examined in the previous subsection, σ(x− x¯) = 0 = ∆σ(x− x¯), so that we recover
the result of the previous section. It is remarkable that the general result is proportional to Nc
and hence coincides with that of the large Nc limit.
Figure 13: The dominant contribution in the large Nc limit is given by the graphs where the three dipoles
remains disconnected. Left panel: planar graph of order (g2Nc)(nNc), involving the radiated gluon and one
instantaneous medium interaction. Right panel: a non planar graph, which is suppressed by a factor 1/N2c with
respect the planar diagram.
5. Discussion
We end this paper by discussing several implications of the scale dependence of the jet-
quenching parameter coming from the radiative corrections.
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5.1. Radiative correction to the mean energy loss
Let us first consider the typical transverse momentum squared. This is computed using the
broadening probability at t = L,
〈k2⊥〉typ ≡
∫
k
k2 P(k, L) . (80)
Since the renormalized jet quenching parameter is computed to logarithmic accuracy, this
typical transverse momentum squared is sufficient to set the typical scale in the logarithms,
i.e., qˆ(L,k) ∼ qˆ(L, 〈k2⊥〉typ). Under this condition, the solution of the diffusion equation is
Gaussian. One recovers from Eq. (22) the resulted obtained already in [11],
〈k2⊥〉typ ' qˆL
(
1 +
α¯
2
ln2
L
τ0
)
. (81)
where we have replaced qˆ by qˆ+∆qˆ(τmax, 1/〈x2〉) and set τmax ≡ L and 1/〈x2〉 ∼ 〈k2⊥〉typ ∼ qˆL
(to this level of accuracy it is sufficient to put the leading order qˆ in the argument of the logs)
in Eq. (51). Here α¯ ≡ αsNc/pi.
Similarly, by replacing qˆ by its corrected value qˆ + ∆qˆ(τbr(ω), k
2
br(ω)) in Eq. (1), on can
compute the correction to the mean energy loss. Since the integral is dominated by gluons
with formation times of the order of the length of the medium, ω ∼ ωc, we shall set, as for
the transverse momentum squared, τbr ∼ L and k2br ∼ qˆL. Therefore, we readily obtain, to
logarithmic accuracy,
〈ω〉 ∼ qˆL2
(
1 +
α¯
2
ln2
L
τ0
)
, (82)
where the corrected jet-quenching parameter is identical to that in Eq. (81).
5.2. Renormalization of the jet-quenching parameter
For large media, as soon as α¯ ln2(L/τ0) ∼ 1 one has to resum the double logarithmic
power corrections. Unlike the previous resummation of independent multiple radiative cor-
rections, this now involves radiative corrections that are correlated to each other. To under-
stand how this resummation proceeds, we denote the standard leading order definition of the
jet-quenching parameter qˆ ≡ qˆ0 and we note that the first correction to the jet-quenching pa-
rameter, qˆ1(τ,k
2) ≡ ∆qˆ(τ,k2) is proportional to the 3-point function, S(3)[qˆ0] which is itself a
function of the leading order qˆ0. As we have shown, the 3-point function gets renormalized as
S(3)[qˆ0]→ S(3)[qˆ0 + qˆ1]. This allows us to compute the second correction from Eq. (50),
qˆ2(τ,k
2) = α¯
∫ τ
τ0
dτ ′
τ ′
∫ 1/x2
qˆ0τ ′
dq2
q2
qˆ1(τ
′, q2) . (83)
This emerging self-similarity is a result of the separation of time scales involved in the compu-
tation of the leading logarithms. The structure of the first double logarithmic corrections being
set, the next corrections that yield double logarithms will follow the same systematics, with suc-
cessive gluonic fluctuations ordered in formation time τ0  τ1  ... τn ≡ τmax, or in trans-
verse size x0  x1  ... xn ≡ xmax, or in transverse momentum mD  q1  ... qn ≡ k.
The difference with the standard Double-Logarithmic Approximation (DLA) is the limits of
logarithmic phase-space set by the LPM effect since, i.e., multiple-scatterings since in the DLA
only a single scattering contributes, which imposes that the formation time of a fluctuation to
be smaller than the BDMPS formation time, or in terms of our transverse momentum variables,
q2  qˆ0τ . The following equation resums the double logarithmic corrections to all orders
∂qˆ(τ,k2)
∂ ln τ
=
∫ k2
qˆτ
dq2
q2
α¯(q) qˆ(τ, q2) . (84)
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with some initial condition qˆ(τ0,k). We have let the coupling running at the transverse scale
q. Note the lower limit of the q integration which accounts for the boundary between single-
scattering and multiple-scatterings. The important feature of this equation is it predicts the
evolution of the jet-quenching parameter from an initial condition qˆ0 (which can be computed
e.g. on the lattice, or to leading order in αs, which implies, qˆ(τ0) ≡ qˆ0 as given by the leading
order result (23). The τ0 cut-off that was introduced to cut the logarithmic divergence in the
radiative corrections, can be seen as a factorization scale.
The complete solution of the 2-dimensional evolution equation (84) is beyond the scope of
this paper. Let us simply recall the solution derived in [11] for the pt-broadening in the case
where qˆ0 = qˆ(τ0) is constant and for a final τ = L and k
2 = qˆ0L, merging the 2 independent
variables at the end of the evolution. The solution reads,
qˆ(L) =
1√
α¯
I1
(
2
√
α¯ ln
L
τ0
)
qˆ(τ0) (85)
For large L, the quenching parameter scales like qˆ(L) ∼ Lγ , with the anomalous
γ = 2
√
α¯ .
Interestingly, the resummation of large double logarithms modifies the scaling of the energy
loss with L the energy loss, 〈ω〉 ∼ L2+γ , and seems to fall between the standard small cou-
pling result, 〈ω〉 ∼ L2 and the strong coupling result obtained with the help of the AdS-CFT
correspondance in N = 4 SYM theory , 〈ω〉 ∼ L3 [18].
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Appendix A. Calculational details
In this appendix, we provide some additional details on the calculations that lead to the
expressions in the main text, in particular the expression (35) for the modification, due to
a radiative correction, of the branching probability of a gluon into two gluons. This is easily
obtained through a straightforward, though tedious, calculation, starting from the results given
in Ref. [2]. We provide here some indication on how this calculation can be done, keeping at
first the notation of Ref. [2] to which we refer for further details. The calculation is based on
that of the amplitude for a gluon (0) of momentum p0, color c0 and polarization λ0, present
in the system at time t0, to evolve in the medium into a gluon a with momentum ka, color a
and polarization λa at time tL, after emitting at a time t1 (t0 ≤ t1 ≤ tL) a soft gluon b that is
not observed, and is eventually integrated out. This amplitude can be written as
Mabc0λa,λb,λ0(k+a ka, k
+
b kb, p
+
0 ,p0) =
ei(k
−
a +k
−
b )(tL−t0)
2p+0
∫
p1,q1,p
′
1
(λa|i) (λb|j) (l|λ0)
×
∫ tL
t0
dt1 (ka a;kb b|[G(tL, t1) · G(tL, t1)] |p1 a1;p′1 b1)
× (p1 a1;p′1 b1|Γijl |q1 c1)(q1 c1| G(t1, t0)|p0 c0),
(A.1)
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with k−a = k
2
a/(2k
+
a ), k
−
b = k
2
a/(2k
+
b ), k
+
a +k
+
b = p
+
0 , and (i|λa) denotes a transverse component
of a polarization vector (recall that polarization is conserved in the propagation through the
background field). A summation over repeated discrete indices is implied. We have defined
(ka a;kb b| [G(tL, t1) · G(tL, t1)] |p1 a1;p′1 b1) ≡ (ka|Gaa1(tL, t1) |p1)(kb| Gbb1(tL, t1) |p′1) ,
(p1 a1 i;p
′
1 b1 j|Γ |q1 c1 l) ≡ (2pi)2δ(p1 + p′1 − q1) 2g fa1b1c1Γijl(p1 − zq1, z) , (A.2)
and we denote indifferently the matrix elements of the single propagator by (ka|Gaa1(tL, t1) |p1)
or by (ka a|G(tL, t1) |p1 a1). When the emitted gluon is soft, i.e. when it carries a small fraction
(1− z) of the energy of the parent gluon, we can use the following approximate expression for
the vertex, with z = k+a /p
+
0 . 1
Γijl(p− q) ≈ 1
1− z (p− q)
jδli, (A.3)
where p− q is minus the momentum of the soft gluon.
The calculation of the correction to the momentum broadening probability P due to one
splitting consists in squaring the sum of the amplitude without splitting and that with one
splitting, doing the appropriate sums and averages over colors and polarizations, integrating
over the soft gluon. In doing the latter operation, the following identity is useful∑
b
∫
kb
(p′2|G† b¯2b(t2, tL)|kb)(kb|Gbb2(tL, t2)|q′2) = (2pi)2δ(2)(p′2 − q′2)δb¯2b2 . (A.4)
Finally, we perform the average over the medium background field. The net result of this
calculation can be expressed in the form ∆P = ∆Pr + ∆Pv, where ∆Pr and ∆Pv refer to the
two diagrams displayed in Fig. 4 as real and virtual contributions. The figure Appendix A
here makes explicit the flow of momenta in each contribution, and facilitates the reading of the
formulae below.
q1
q2
q2
q1
t2t1
p1
q¯2
q1 − p1
q¯2 − q2
q1
q2
q2
q1
t2t1
p1 p2
q1 − p1 q2 − p2
Figure A.14: The flow of momenta in the real and virtual contributions to the radiative correction to the 2-point
function. The wavy line represents the soft radiated gluons, whose momenta flow from left to right.
The real contribution is given by
∆Pr(ka,p0; tL, t0) =
g2Nc
4pi
2Re
∫
dω2
ω32
∫ tL
t0
dt2
∫ t2
t0
dt1
∫
p1q1q¯2q2
(p1 − q1) · (q¯2 − q2)
×P(ka − q2; tL − t2)S˜(3)(q1 − p1, q¯2 − q2, q¯2 − q1; t2, t1)P(q1 − p0; t1 − t0),
(A.5)
where ω2 = (1−z)p+0 , and the factor 2Re accounts for the two time orderings of the times t1 and
t2 at which the emission takes place in the amplitude and the complex conjugate amplitude,
respectively. The function S˜(3) is the reduced 3-point function given in Eq. (32).
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The virtual term is given by a similar expression
∆Pv = −g
2Nc
4pi
2<e
∫
dω2
ω32
∫ tL
t0
dt2
∫ t2
t0
dt1
∫
p1q1p2q2
(p1 − q1) · (q2 − p2)
×P(ka − q2; tL − t2)S˜(3)(q1 − p1, q2 − p2, q2 − q1; t2, t1)P(q1 − p0; t1 − t0).
(A.6)
Here, the factor 2Re counts the two processes in which the virtual correction is attached to the
amplitude (i.e. to a G) or to its complex conjugate (i.e. to a G†).
By adding the two contributions, one obtains the modification to P due to one radiative
correction. We get
∆P(ka tL|p0 t0) =
g2Nc
4pi
2<e
∫
dω2
ω32
∫ tL
t0
dt2
∫ t2
t0
dt1
∫
q1q2
P(ka − q2; tL − t2)
×
{∫
p1q¯2
(p1 − q1) · (q¯2 − q2) S˜(3)(q1 − p1, q¯2 − q2, q¯2 − q1; t2, t1)−∫
p1p2
(p1 − q1) · (q2 − p2) S˜(3)(q1 − p1, q2 − p2, q2 − q1; t2, t1)
}
×P(q1 − p0; t1 − t0) . (A.7)
Let us set l = q2 − q1. By changing variables, p1 − q1 → q, q2 − p2 → q′ in the second term,
and q¯2 − q2 → q′ in the first term (keeping q1 and q2 fixed), we can combine the terms within
the curly brakets in the expression above, and obtains the expression used in Eq. (35):∫
qq′
(q · q′)
[
S˜(3)(q, q′, l+ q′)− S˜(3)(q, q′, l)
]
.
(A.8)
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